ABSTRACT This paper presents a novel approach for multi attribute decision making (MADM). It proposes the concept of optimistic/pessimistic Z-number, which is defined as a tuple (Z x , δ) where Z x is a Z-number, and δ ∈ {+, −} determines if the evaluator is optimistic (+) or pessimistic (−) regarding the provided Z-valuation. Optimistic Z-valuation shows that the hesitation of the evaluator is toward increasing the value of the evaluated object. Pessimistic Z-valuation shows that the hesitation of the evaluator is toward decreasing the value of the evaluated object. Using optimistic/pessimistic Z-number in MADM process involves asking the decision maker to evaluate a set of alternatives with respect to a set of weighted criteria using optimistic/pessimistic Z-numbers. After that the provided evaluations are converted to crisp values using the proposed RANKING function, which considers the linguistic meaning of the components of Z-numbers. In the last stage, weighted sum model is used to find the best alternative. The proposed RANKING function shows realistic results when it is compared with a well-known method from the literature.
I. INTRODUCTION
Multi attribute decision-making (MADM) is the task of evaluating a set of alternatives by a decision maker with respect to certain attributes (criteria). In many applications of MADM, human experience and knowledge are employed in order to evaluate a finite number of decision alternatives with respect to a finite set of decisions criteria and choose the most promising alternative(s). For example, according to the Guide to the Project Management Body of Knowledge [1] , experts' judgments are essential tool that helps project managers in making decisions regarding project planning, scope management, time management, and cost management.
MADM problems can be modeled using decision matrices. A decision matrix D is an n × m matrix in which an element d ij denotes the evaluation of the alternative i (for i = 1, 2..n) from the perspective of criterion j (for j = 1, 2, ..m). The optimal alternative D * is the alternative with the highest rank with respect to all decision criteria. In many cases, the values of d ij cannot be quantified because of incomplete, fuzzy, or/and unquantifiable information, and therefore, they are provided using linguistic terms such as good, bad, high, low, etc. [2] . In this case, d ij ∈ T j such that T j is a set of linguistic values that are used to evaluate a criterion C j . For example, two software are evaluated with respect to their performance and security. T 1 = {high Performance, Mid Performnce Low Performnace} is the set of linguistic values that is used to describe the performance criterion, and the set T 2 = {low security, mid security, high security} contains the linguistic values that describe the security criterion, then the matrix D can include the following elements values:
high Performance low security Mid Performnce high security This paper utilizes the concepts of Z-numbers in order to consider the factor of reliability of information in MADM processes. Z-numbers are used to express the confidence (sureness) of an evaluator about his evaluation of a given alternative. This provides the decision making process with reliable information that can lead to promising decisions. There are three main contributions of this paper: 1) considering the linguistic meaning of the used terms when ranking Z-numbers, 2) proposing the concept of optimistic/pessimistic Z-numbers in order to consider the direction of hesitation of the evaluator regarding the evaluated alternative, and 3) using the proposed approach in MADM processes.
The proposed MADM model uses a decision matrix in which the elements are given in the format of optimistic/pessimistic Z-numbers. An d ij is denoted using a tuple < Z i , δ > where Z i is a Z-numbers, and δ ∈ {+, −} shows if the evaluator is optimistic (the evaluator has a hesitation toward increasing his evaluation) or pessimistic (the evaluator has a hesitation toward decreasing his evaluation). In addition, in contrast to other works in the literature, the proposed approach takes into account the meaning of the linguistic terms used in the Z-numbers.
The rest of this paper is organized as follows: related work is presented in Section 2. Theoretical preliminaries of this study are presented in Section 3. Section 4 presents the proposed approach for ranking Z-numbers. Section 5 presents the MADM process using the proposed ranking approach. Conclusions are presented in Section 6.
II. RELATED WORK
Many works have discussed ranking decision alternatives in fuzzy environments. In [3] a set of alternatives are evaluated by a group of decision makers according to certain criteria. Fuzzy numbers are used in the evaluation. After that, the fuzzy numbers corresponding to an alternative are aggregated to come up with a final weight (rank) for the alternative. Then the alternatives are grouped into n groups indexed from 1 to n. The alternatives in group 1 include the highest ranked alternatives, and group 2 has the second highest ranked alternatives and so on. In [4] , the fuzzy preferences between alternatives along with the evaluations of alternatives against weighed criteria are combined to calculate the overall weight of each alternative, and rank the alternatives according to their weights. In [5] , eigenvecto method is used to rank a set of alternatives. The subjective values of preferences among the alternatives are integrated with the objective evaluations of the alternative in order to find the final ranks of the alternatives. In [6] , an approach for ranking alternatives in fuzzy MADM is proposed. This approach depends on fuzzy preference relations between alternatives according to the given criteria. It consists of two phases: 1) completing partial fuzzy preference matrix then 2) selecting the best alternatives based on average rating values. In [7] , a method of using linguistics in MADM are proposed which includes: 1) defining the semantics of linguistic information, 2) choosing an aggregation function, and 3) choosing the best alternatives by ranking them after aggregation has taken place. In [8] , Linguistic Geometric Averaging (LGA) and Linguistic Weighted Geometric Averaging (LWGA) operators are used to rank a set of alternatives with respect to a predefined criterion for group decision making using linguistic preference relations. In [9] , uncertain linguistic ordered weighted averaging (ULOWA) operator and uncertain linguistic hybrid aggregation (ULHA) are utilized to rank alternatives in multi criteria group decision making with uncertain linguistic information. In [10] , it is assumed that decision makers have partial information about their evaluation of the weights of the criteria. The fuzziness of this information is formalized as linear relations between the weights of criteria and tries to minimize the disagreement between decision makers by minimizing the distance between the alternatives decision vectors. In [11] , simple additive weighting (SAW) method is applied on fuzzy decision matrix (a decision matrix with fuzzy numbers as elements) to rank a set of alternatives according to a set of criteria. The weights of criteria are also provided in fuzzy numbers. It is assumed that a preference score is given to show how much better a certain fuzzy set is in relation to all other fuzzy sets. The fuzzy set with higher preference score is considered to be better than the ones with low scores.
Reliability of information is a significant dimension in the decision making process. It considers how much the decision maker is certain about his judgment. In the domain of fuzzy decision making, Zadeh's Z-numbers [12] can be used to address the reliability of information. A Z-number takes the form of X is (A, B). X is an uncertain variable (in decision making, it represents a decision alternative with respect to certain criterion). A is a fuzzy number that represents a restriction on the values that X can take. B is a fuzzy number that shows the reliability of A. In order to use Z-numbers in decision making, there shall be an approach to rank and compare them. Many works have addressed the problem of ranking Z-numbers and using Z-numbers-based information in the decision making process. Kang et al. [13] propose a method for converting a Z-number to a classical fuzzy number. This method consists of three stages. In stage 1, the reliability component of the Z-number is converted to crisp number α using centroid method for triangular fuzzy numbers. α represents the weight of the reliability component of the Z-number. After that, in the stage 2, α is added to the restriction component A in order to compute the Ž α which is the weighted restriction of the Z-number. Ž α is defined as follows:
Finally, in the stage 3, the weighted restriction of the Z-number (Ž α ) is converted into regular fuzzy number using the following formula:
In [14] , Bakar and Gegov propose a two-layer decision methodology for ranking Z-Numbers. In the first layer, Kag method [13] is used to convert Z-numbers to regular fuzzy number. In the second layer, the centroid point and spread (CPS) method [15] is used to rank the fuzzy numbers that are generated from the first layer. In [16] , Aliev et al.
propose an approach for ranking Z-number that consists of two stages: first, the optimality degree of a Z-number is computed. In the second stage, the output of the first stage is adjusted using human judgment that is formalized by a degree of pessimism. In [17] , Z-numbers-based approach is used in multi criteria decision making process. For each decision alternative, the weights and the values of the evaluation criteria are provided in Z-numbers format. Then, the linguistic values of Z-numbers (A and B components) are converted to numerical values (parameters of the associated fuzzy numbers). After that, the canonical representation of multiplication of triangular fuzzy numbers is used to multiply the numerical values of Z-numbers in order to convert them to crisp values. For each alternative, the weights of criteria multiplied by their values are added up in order to find the importance of the alternatives. In [18] , it is stated that comparing Z-numbers can be considered as multi-attribute alternatives, and the fuzzy Pareto optimality concepts can be utilized. For example, if we want to compare
, then it is required to calculate n b , n e , n w which are the functions (fuzzy numbers) that consider the first and second components of each Z-numbers in order to determine how much one of the Z-numbers is better, equivalent, or worse than the other. In [19] , a Z-numbers-based method for multi-attribute decisionmaking is proposed. The attribute values of each alternative are provided in Z-numbers format. The concepts of overall criteria positive ideal and negative ideal solution of alternatives along with the distance between Z-vectors are used to find the best decision alternative. In [20] , two approaches are proposed in decision making with Z-information. The first approach reduces Z-numbers to classical fuzzy numbers, and utilizes the concept of Choquet expected utility for expressing the preferences of the decision makers in order to find the optimal decision alternative. The second approach uses direct computation with Z-numbers that are introduced in [18] . In [21] , direct computation over discrete Z-numbers along with the expected utility of Z-numbers are used in the decision making under Z-information. In [22] , a method for ranking fuzzy numbers is proposed. In this method, the centroid points, degree of fuzziness and the spread of fuzzy numbers are altogether considered to generate scores for generalized fuzzy numbers. These scores represent the ranks of the fuzzy numbers. The authors utilize this method to propose an approach for ranking Z-numbers. This approach generates scores for the components of Z-numbers (A and B). Then for a given Z-number Z i , the distance between the reference point (0, 0) and the pair (score(A i , B i ) is calculated. Then using this distance value, the rank of the Z-number is calculated. In [23] , two approaches are proposed to apply Z-numbers to solve multi criteria decision making problem. In the first approach, the Z-numbers are mapped to crisp numbers, and then the priority weight of each alternative is calculated using these crisp numbers. The second approach uses Z-numbers-based expected utility theory.
III. PRELIMINARIES
This section introduces a background of fuzzy sets and fuzzy numbers as presented in [24] .
Definition 1:
A fuzzy set F in the universe of discourse U can be characterized by its membership function F = {(x, µ F (x))|µ F (x) ∈ [01]}, where µ F shows the degree of membership of an element x ∈ U to the set F.
Definition 2: The support of a fuzzy set F can be denoted
Definition 5: A fuzzy number F is a convex, normalized fuzzy set that can be identified by the tuple [a, b, c, d ] and the membership function µ F as follows
and µ R F (x) are linear and b < c then F becomes trapezoidal fuzzy number. F becomes a triangular fuzzy number if F is trapezoidal and b = c.
Definition
The α-cut of a fuzzy set F (F α ) is a sub set of F, and denoted as F α = {x|µ F (x) ≥ α}, where α ∈ [0 1]. Ranking fuzzy numbers can be considered as a function that maps a fuzzy number to real value [25] . This real value specifies the order (or the rank) of a fuzzy number among a given set of fuzzy numbers.
Definition 8 [24] : Let H be a set of fuzzy numbers, then f :H → R is defined as the ranking function of fuzzy numbers, such that if F, G ∈ H then
In the literature, the function f is interpreted in different ways. In this paper we use the method introduced in [25] and [26] where the centroid method is used to rank fuzzy numbers. For a trapezoidal fuzzy number G, the rank of G can be calculated as follows:
IV. RANKING Z-NUMBERS
The concept of Z-numbers addresses the dimension of the reliability of information in the decision making process. More reliability of information leads to more realistic decisions. Definition 9 [12] : A Z-number takes the form of X is (A, B) . X is an uncertain variable. A is a fuzzy number that represents a restriction on the values that X can take. B is a fuzzy number that shows the reliability of A.
In a decision making context, the philosophy of Z-numbers is to measure the confidence of a decision maker about his VOLUME 6, 2018 evaluation of a given alternative. This provides the decision making process with reliable information that can leads to the most promising decision. For example, suppose one says that ''the distance between Toronto and Vancouver is not far.'' When you hear this information, you may decide to drive from Toronto to Vancouver. However, if he adds this statement ''I am not totally sure about this'', then you will seek more information to decide how you will travel from Toronto to Vancouver. In his note, Zadeh interprets the Z-valuation X is (A, B) (or for short (X , A, B) ) to a combined restriction (X is r A) is B, where r is a variable that show the type of the restrictio A on the values that X can take. Many types of restrictions are defined in [27] . In this paper, we consider X as possibilistic variable. That means A is a restriction of the possibility of X , which can be written as X is A → Poss (X = u) = µ A (u). B is a fuzzy restriction on the certainty of the restriction measurement (X is A). This means the value of B can affect the degree of truth of the clause (X is A). In this paper, we concentrate on ranking Z-numbers by converting them to crisp values that approximately show its rank among other Z-numbers.
Given two objects X 1 , X 2 that are evaluated using two different Z valuations, ( A 3 , B 1 ) , for example), we want to know which one of these two evaluations is considered higher. In order to answer this question, we should have a ranking mechanism to compare Z-numbers.
A. THE PROPOSED APPROACH FOR RANKING Z-NUMBERS
Definition 10: LetÃ = {A 1 , A 2 , .., A u } be a set of symmetric normalized fuzzy numbers in the universe of discourse U ⊂ R, A i ∈Ã (for i = 1..u) represents the restrictions that a variable X can take.Ã has the following properties: [25] , [26] is used to order the elements ofÃ)
Remark 1: Depending on the forth property ofÃ, we can deduce that if µ A i (x) = 0.5 and µ A i+1 (x) = 0.5, then x represents the most fuzziness point of the sets A i and A i+1
Definition 11: Let B = {B 1 , B 2 , .., B v } be a set of fuzzy numbers defined in the universe of discourse V ⊂ R and represents the restrictions on the certainty of terms inÃ when they are used in a Z-valuation. B has the following properties:
Centroid B j (Yger method [25] , [26] is used to order the elements of B)
Centroid (Inf (B)) = 0.5 (the set denotes the lowest certainty) 6) Centroid (Sup(B)) = 1 (the set denotes the highest certainty) 7) f (B i ) = f B j → i = j Definition 12: Optimistic/pessimistic Z-number is a tuple (Z x , δ) where Z x is a Z-number, and δ ∈ {+, −} denotes if the evaluator is optimistic or pessimistic regarding the provided Z-valuation. When δ = +, then the direction of hesitation of the evaluator is toward increasing the value of the evaluated object. When δ = −, then the direction of hesitation of the evaluator is toward decreasing the value of the evaluated object.
Example 1: Suppose one is required to predict the status of the stock market next month using the following terms: moving up, stable, moving down. Also, he is required to express his certainty about his prediction using the following terms: least likely, likely, most likely. He may provide his prediction using the following expression: It is likely that the stock market is moving up next month, however, there is a possibility it remains stable. If X = the status of stock market, A = {moving down, stable, moving up}, B = {least likely, likely, most likely}, then the above prediction of the stock market can be expressed using optimistic/pessimistic Z-number as:
Example 2: Suppose one is required to predict that if president Trumb will win the U.S 2020 presidential election using the following term: lose easily, lose, win hardly, win, win easily, and he is required to provide his certainty about his judgment using the following terms: not sure, sure, very sure. Suppose his prediction is as follows: I am sure that president Trumb will lose the election, but he might hardly win. If we define X = the possibility that Trumb will win the U .S 202 presidential election, A = {lose easily, lose, hardly win, win, easily win}, B = {not sure, sure, very sure}, then the prediction can be expressed using optimistic/pessimistic Z-number as:
(X is (lose, sure) , +).
Assume that Z is the set that includes all Z-numbers constructed fromÃ and B. It is required to order the elements of Z by giving them ranks showing their order.
Definition 13: We define RANK : Z × {+, −} → R as the function that maps an optimistic/pessimistic Z-number (Z x , δ) to a crisp value on the real line, such that if Z x1 , Z x2 ∈ Z and δ i , δ j ∈ {+, −} then 
Proof: from definition 14 − 4 
from definition 11 − 6 
from 4, 6 we can conclude that
From definition 11-6
from 3 and 4 we can conclude that
In the following, we compare the proposed approach with the ranking method for Z-numbers that is introduced in [14] Example 3: Suppose Z * ⊂ Z, and Z * = {Z 1 , Z 2 , .., Z 9 } where Z is the set that includes all Z-numbers constructed fromÃ and B,Ã = {A 1 , A 2 , A 3 , A 4 } and B = {B 1 , B 2 , B 3 } such that: Table 1 shows the rank of the Z-numbers using the proposed approach in pessimistic situation (column 2), the proposed approach in optimistic situation (column 3), and the ranking method that is introduced in [14] (column 4). 1) The proposed approach highly considers the linguistic meaning of the fuzzy numbers. For example, RANK (Z 1 , +) < RANK (Z 2 , +) because in Z 2 the evaluator is not sure (B 1 ) about his low evaluation (A 1 ) of X , and the evaluator has a hesitation that X may take a value greater than A 1 . On the other hand, in Z 1 the evaluator is very sure (B 3 ) about his low evaluation (A 1 ) of X , which means that he has zero hesitation. In other words, in (Z 1 , +) the evaluator is very sure that X is low, while he in (Z 2 , +), he beliefs that X may be higher than low. This is not the case in [14] where we can see that the linguistic meaning of the certainty terms are not considered (we can see from Table1 that. In addition, the factor of the direction of hesitation is not considered at all in [14] .
2) We can see that there some inconsistency of the function CPS Z where Z 3 ≺ Z 2 ≺ Z 1 . The evaluation components of all the three Z-numbers are equal. However, we can see that Z 3 ≺ Z 2 and B 2 > B 1 (the certainty component of Z 3 is greater than the one in Z 2 ) and this is not the case with Z 1 and Z 2 where Z 2 ≺ Z 1 although B 3 > B 1 .
3) We can note that RANK (Z 4 , −) > RANK (Z 5 , −) because in Z 4 the evaluator is very sure (B 3 ) that X is very high (A 4 ), while he in Z 5 , the evaluator is not sure (B 1 ) and has a hesitation that X may take a value lower than A 4 . In other words, in (Z 4 , +) the evaluator is very sure that X is very high, while in (Z 5 , +) he beliefs that X may be lower than very high, which makes RANK (Z 4 , −) > RANK (Z 5 , −).
4) We can note that RANK (Z 1 , −) , RANK (Z 2 , −) , and RANK (Z 3 , −) have the same value (the lowest value). That is because the lowest Z-number is when X is evaluated very low (A 1 ) and with any degree of pessimism which means that there is no chance that X may take value lower than very low (A 1 ). 5) Also we can note that RANK (Z 5 , +), RANK (Z 5 , +) and RANK (Z 6 , +) have the same value (the highest value) because the highest Z-number is when the evaluator evaluates X as a very high with any degree of optimism.
6) Moreover, we can observe that there is no effect of the value of δ i ∈ {+, −} when the evaluator is very sure about his evaluation (B 3 ) because his degree of hesitation is zero since he is very sure about his evaluation. For example, we can see from Table 1 that RANK (Z 1 , −) = RANK (Z 1 , +) and RANK (Z 4 , −) = RANK (Z 4 , +).
V. MULTI ATTRIBUTE DECISION MAKING USING PESSIMISM/OPTIMISM Z-NUMBERS
In order to address the qualitative evaluation, reliability of the provided evaluation, and the direction of evaluators hesitation, the proposed approach for ranking Z-numbers is used in multi attribute decision making (MADM) process.
Definition 15: A decision matrix D that is based on Pessimism/Optimism Z-numbers is an n × m matrix in which an element d ij denotes the evaluation of the alternative a i (for i = 1, 2..n) from the perspective of criterion c i (for j = 1, 2, ..m), and d ij = (Z x , δ y ) where Z x ∈ Z, and Z is the set that includes Z-numbers constructed fromÃ and B and δ y ∈ {+, −}.
Definition 16: if n is the number of alternatives and m is the number of the evaluation criteria, and all the units of the criteria are the same (e.g., dollars, feet, seconds), then the best alternative (BestAlt) is the one that satisfies the following expression: (1 1 1 1; 1) , It is required to find the best alternative. VOLUME 6, 2018 Solution:
Step 1: Convert D to numerical numbers using RANK function Step 3: The best alternative BestAlt = max Alt 1 , Alt 2 , Alt 3 = Alt 1 .
VI. CONCLUSION
Reliability of information is a significant factor in any types of decision making process including multi attribute decision making (MADM). Z-numbers can be used to address the reliability of information in fuzzy MADM, where it is difficult to quantify the attributes of the decision alternatives. A Z-number consists of two components. The first component, A, represents an evaluation of a decision alternative with respect to a decision criterion. The second component, B, represents the reliability of the first component. Both A and B are expressed using fuzzy numbers, and these fuzzy numbers have linguistic meaning.
In many human decision making activities, it is common that an evaluator not only provides his certainty about his evaluation; he also provides extra information regarding his direction of hesitation. The hesitation of the evaluator may be toward increasing the value of the evaluated object. In this case, we can say that the evaluator uses an optimistic Z-valuation. The other case, when the hesitation of the evaluator is toward decreasing the value of the evaluated object. In this case, we can say that the evaluator uses pessimistic Z-valuation. Optimistic/pessimistic Z-numbers are expressed as (Z x , δ) where Z x is a Z-number, and δ ∈ {+, −} denotes if the evaluator is optimistic (+) or pessimistic (−) regarding the provided Z-valuation. Ranking Z-numbers is a crucial step that has to be taken in order to utilize Z-numbers in the decision process. Ranking Z-numbers involves converting them to crisp values. This paper proposes a ranking function, RANKING, that converts an Optimistic/pessimistic Z-number to a crisp value that determines its rank (order) among other Optimistic/pessimistic Z-numbers. In contrast to other approaches in the literature, RANKING function considers the linguistic meaning of the certainty terms. The proposed RANKING function along with weighted sum model (WSM) are used to find the best alternative in MADM process.
Future research can be conducted to reinforce and tune the knowledge obtained from experts expressed in the format of Optimistic/Pessimistic Z-numbers with historical data and experiments evidence. This will increase the truth of the data used in the decision making process.
